The Variance of Intraclass Correlations in Three and Four Level Models
Intraclass correlations play important roles in genetics, epidemiology, psychometrics, and the design of social and educational experiments. In multistage sampling models and multilevel statistical models, they play a major role in quantifying the amount of clustering inherent in the data. The intraclass correlation was introduced by Fisher (1925) who offered an estimator of the intraclass correlation, derived its variance in balanced experiments, and discovered a variance stabilizing transformation.
Estimators of the intraclass correlation from unbalanced designs and estimators based on slightly different principles have subsequently been introduced. See Donner (1986) for a survey of the literature on point and interval estimation of the intraclass correlation.
Intraclass correlations are important input parameters used for power computations and the computation of optimal sample allocations among levels in the design of multilevel randomized experiments (see Raudenbush, 1997; Kostantopoulos, 2009) , and for computation of effect size estimates and their variances (see Hedges, 2007 Hedges, , 2010 . Consequently there has been considerable interest in the estimation of intraclass correlations from sample surveys using multistage samples to estimate intraclass correlations (e.g., Hedges & Hedberg, 2007) . Such studies typically fit unconditional multilevel models to the survey data to estimate variance components at each level of the sampling design. Other studies use datasets that were assembled in the course of carrying out randomized experiments (Bloom et al., 2007) . While the surveys often have large total sample sizes, the number of sampled units at some levels (typically the higher levels) may not be large enough make negligible the sampling uncertainty of estimates of variance components and functions of variance components (such as intraclass Standard errors of intraclass correlations 3 correlations). Even experiments that are normatively large (that is large for experiments) typically involve much smaller sets of schools than national surveys (typically less than 100 schools). Consequently, for either type of study designed to provide reference values of intraclass correlations, it is important to provide some assessment of the uncertainty of the estimates. However because the sample sizes in surveys are actually large, estimates of sampling uncertainty based on large sample methods should be accurate enough to give this guidance.
Although intraclass correlation was originally introduced in relation to two level sampling models, the concept extends naturally to sampling models with three or more levels. The intraclass correlation concept in cases of three and four level sampling models is of great interest in the design and analysis of experiments in education (Hedges and Rhoads, 2010; Konstantopoulos, 2008ab, 2009 . Three and four level experimental designs are of more than theoretical interest. A survey of recent educational experiments revealed that the most common designs actually involve four levels of sampling (Spybrook and Raudenbush, 2009 ). The literature on estimation of intraclass correlations, however, has largely been restricted to the case of two level models. An exception is a paper by Raykov (2010) that derived the large sample standard error for one of the intraclass correlations in the three level hierarchical linear model. We became interested in the problem of quantifying the uncertainty of estimates of intraclass correlations in three and four level sampling models as part of a project to develop estimates of three and four level intraclass correlations from survey data to provide guidance for planning randomized experiments in education. Then the large sample variance of r, the estimate of ρ in a balanced design is ( )
where v 2 is the variance of s 2 2 , the sample estimate of the level 2 variance component and 
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The standard error of r is just the square root of its estimated variance.
Expression (1) does not appear to be similar to conventional expressions for estimates of the variance of intraclass correlations in balanced designs. For example, the expression given by Fisher (1925) for the large sample variance of the estimator of ρ is (in our notation)
Donner and Koval (1980) gave an expression for the large sample variance of r computed from unbalanced designs as
where N is the total sample size. Note that (3) reduces to (2) when n 1 = … = n m = n.
Noting that the variance of s 2 2 in a balanced design is
we see that (1) differs from (2) only in that the implicit n 2 term in the denominator of (1) corresponds to an n(n -1) term in the denominator of (2), that is they differ only in terms of order n 2 , which implies that they are equivalent in large samples (that is, as n → ∞).
Three Level Model
In the three level model, there are three variance components, one associated with 
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and the covariance between r 2 and r 3 is ( ) 
where a i is given by ( )
Note that when the design is balanced so that p i = p and n ij = n for all i and j, then this covariance reduces to -v 2 /p as it should.
Using this covariance for unbalanced designs, the variance of r 2 is ( ) (  )   2  2  2  2  2  2  23  2 3  4  4  4 1 2 1
and the variance of r 3 is ( ) (
Calculations using (4) show that, unless there is extreme imbalance, the value of the variances of r 2 and r 3 computed from (8) and (9), respectively are remarkably similar to those obtained by using the mean of the p i in (4) and (5) respectively. 
Four Level Model
The variance of r 3 is 2 2  2  3  3  3  3  3  3  3  2  3 4  2 4 4 4 1 2 1 2 1 1 
The covariance between r 2 and r 3 is 
and the covariance between r 3 and r 4 is Our data includes reading scores from 46,849 fifth graders. These test scores are spread across 173 districts, 715 schools, and 2,142 teachers. The harmonic mean of the number of schools per district was 1.81 (arithmetic mean was 4.13), the harmonic mean number Standard errors of intraclass correlations 13 of teachers per district was 4.12 (arithmetic mean was 12.38), and the harmonic mean number of teachers per school was 2.04 (arithmetic mean was 3.00). The arithmetic average of 22 students per teacher (harmonic mean was about 8 students per teacher).
While the official evaluation of students includes both open ended responses as well as multiple choice responses, we focused only on the multiple choice portion of the test. This part of the test includes 39 items that are scored as correct or incorrect, with the final score representing the number of correct responses. In our data, the test scores ranged from 0 to 33, with a mean of 27.01 and a variance of 27.51.
The results of our example analyses are presented in Table 1 . For the two level example, we fit a mixed effect model where we nested students (level 1) in schools (level 2). For the three level model, we fit a mixed model where we nested students (level 1) in teachers (level 2), and teachers in schools (level 3). In the four level model, our mixed effect model nests students (level 1) in teachers (level 2), teachers in schools (level 3), and schools in districts (level 4). In order to keep our example numbers tractable, we did not standardize our outcome, nor did we include any covariates in our models.
Two Level Models
Fitting a two level model to the Kentucky dataset, with students nested within schools, the total variance is estimated to be s T 2 = 27.650, the level 2 variance component is s 2 2 = 2.409, and the variance of the level 2 variance component is v 2 = 0.024. With these parameters, we calculate the estimate of the school level intraclass correlation to be r = 0.087. We then calculate the variance of r as ( ) 
Three Level Models
We return to the Kentucky data for our example of a three level fully unconditional model, where students are the level 1 units, teachers define the second level, and schools define the third level. The outcome variable is again the raw reading 
Four Level Models
which implies a standard error of 0 0000101 . = 0.003.
ICCVAR Software for Stata
We have developed software to perform these calculations in Stata. Once the user downloads and installs the ICCVAR.ado program, performing these calculations is quite simple. The first step is to run the mixed model as you normally do in Stata. Then, immediately after the mixed model is estimated, simply type in "iccvar" into the command prompt to estimate the ICCs and variances, just as you would any other Stata "post-estimation" command. The program then uses the variance components and variances stored by the estimation command to perform the calculations. The ICCVAR program automatically detects the number of levels used in the previous mixed model.
When a three level model is specified, you can enter an optional "unb" command to use the unbalanced formulas. Figure 1 provides an example session using the program. This program also stores the matrix of intraclass correlations and the variance-covariance matrix in the results memory. This SATA code can be downloaded from http://www.ipr.northwestern.edu/qcenter/iccvar.html .
Conclusions
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We have provided formulas for the large sample variances and covariances of estimates of intraclass correlations in three and four level models. These expressions are suitable for computing standard errors for estimates of three and four level intraclass correlations when the sampling designs are balanced or nearly so. These should be useful in providing some estimates of sampling uncertainty for analyses designed to yield reference values of intraclass correlations based on large scale data collections. 
